We present the tomographic reconstruction of the quantum state of the electromagnetic field emitted by an amplitude-squeezed semiconductor laser. The analysis of the field quadratures is performed by means of self-homodyning, where a frequency-dependent dephasing is accomplished by a Fabry-Pérot resonator. The Wigner function obtained clearly shows the nonclassical properties of the field.
I. INTRODUCTION
Experimental studies of the quantum state of electromagnetic radiation are usually limited to measurements of the variance of the field fluctuations. Even though such characterization is sufficient for most kinds of state, which can be described in terms of linearized operators, it is nevertheless interesting to obtain a full picture of the radiation quasiprobability distributions. Following the idea of Vogel and Risken ͓1͔, several methods have been proposed to achieve a complete reconstruction of the radiation quantum state ͓2-5͔. A very common technique is based on tomographic reconstruction of the Wigner function from a set of probability distributions P (x) of the fluctuations in the different field quadratures, detected by the standard homodyne technique.
Since the first work of Smithey et al. ͓6͔ homodyne tomography has been performed on different types of coherent and squeezed states generated by nonlinear processes involving optical parametric amplifiers with pulsed lasers ͓7-10͔ or with cw sources giving a weak (Ӎ100 pW) optical parametric oscillator output ͓11-13͔. The squeezed state generated in a macroscopic (Ӎ7 W) cw field by interaction with a sample of cold atoms was studied in ͓14͔.
All the above mentioned experiments investigate ''weak'' electromagnetic radiation, implying the use of a strong local oscillator, and a field approximately in a minimum uncertainty state. It is interesting to explore whether quantum tomography can be extended to different situations. In particular, here we consider the nonclassical state associated with the radiation directly generated by a laser, characterized by a strong electric field and sub-shot-noise fluctuations for some quadratures.
With respect to previous work, we have some essential differences: there is no external local oscillator available, and the nonclassical features are much weaker and difficult to demonstrate.
The first problem is solved by exploiting the laser field itself as a local oscillator, thanks to its strong mean value. This is carried out by a frequency-dependent dephasing accomplished by means of a Fabry-Pérot resonator. This technique was first applied by Levenson et al. ͓15͔ and theoretically fully described in Ref. ͓16͔ for an ideal resonator. However, we show in Sec. II that the possibility of having access to all the quadratures is not obvious in the case of a real cavity, due to the vacuum fluctuations that are introduced in a nontrivial way. This problem had not been considered in detail in previous work.
Since the radiation is slightly nonclassical ͑the amplitude fluctuations are only 0.5 dB below the shot-noise level͒ and due to very strong excess phase noise the experiment requires measurement procedures allowing very high resolution and dynamic range. In order to obtain a faithful reconstruction of the field state, in the work presented here we had to greatly improve such performance with respect to previous experiments. This paper is organized as follows. In Sec. II we present a theoretical explanation of the self-homodyne technique showing how the losses due to the Fabry-Pérot resonator enter in the measurements. In Sec. III we describe the experiment, and in Sec. IV we obtain and discuss the Wigner function of the field emitted by the laser.
shift to the input field components. Thus, the cavity adds a different phase to the mean value of the electric field at the optical frequency 0 , which represents the local oscillator, and to the field fluctuations of the sidebands at the frequencies 0 Ϯ. In this way, one can vary the relative phase between the local oscillator and the sideband components by adjusting the cavity length and, after direct photodetection, it is possible to measure the different quadratures of the input field.
It is well known how the quadrature components of the input field are rotated by a perfect, single-ended Fabry-Pérot cavity without losses ͓16͔. The problem of losses was partially analyzed by Fiorentino et al. ͓17͔ and Zhang et al. ͓18͔. In the present section we analyze in detail how the losses influence the experiment when imperfect mirrors are used in the cavity. In particular, we show that their effect consists of an attenuation of the electric field, plus additional vacuum fluctuations that enter into the measurement system.
In order to understand the input-output relations for an empty single-ended cavity we consider a quasimonochromatic field whose positive frequency part is
where ␣ in is the time-independent strong coherent component and ␦A in is the slowly varying part. In the case where no losses are present in the cavity, the output electric field E out ϩ () has the same amplitude and frequency as the input field E in ϩ (), with a frequency-dependent phase factor
If we consider a cavity with losses, the output field still acquires a phase shift, but it is also attenuated. In the high finesse limit, the transfer function F() is now expressed as
where ()ϭ( c Ϫ)/k is the detuning of the incoming field at frequency with respect to the nearest cavity resonance c , normalized to the half linewidth of the cavity k. The losses are included by the real parameter , given by
where T 1,2 is the input/output mirror transmission and ⌺ is the overall loss coefficient apart from the mirror transmission. If ϭϪ1 we are in the case of a ''perfect cavity'' ͑i.e., a cavity without losses except for the transmission of the input mirror͒ studied in ͓16͔. In Fig. 1͑a͒ , with ϭ( 0 ), we show the absolute value of F() as a function of the cavity detuning for different values of the coupling parameter . Using Eq. ͑3͒, the input-output relations for the field fluctuations in the frequency domain can be written as
where ϭ( 0 ) and the sideband frequency normalized to the half linewidth of the cavity is indicated as ⍀.
With ͉͉Ͻ1 we can model the cavity as a beam splitter with a transmission coefficient F() which is dependent on the frequency of the field. In the same way, the vacuum fluctuations enter from the other port of the beam splitter, and the frequency-dependent reflection coefficient is given by
. ͑7͒
A. Field evolution
Introducing the amplitude and phase quadrature components of the electric field fluctuations as we obtain two transformation matrices that allow us to relate the output quadrature components to the input ones:
The elements of R are given by
With ϭϪ1, R is a rotation matrix describing how the quadrature components of the input field are rotated by the cavity. However, if ͉͉Ͻ1 we have Det(R)Ͻ1; thus R is no longer a simple rotation matrix but also introduces deformations of the quadrature components. In the same way, for the transformation matrix S that introduces the vacuum fluctuations, it is straightforward to obtain the elements as
Up to now, we have considered the evolution of the fluctuating quadratures through the analyzing cavity. When performing a direct photodetection of the output field one uses the strong coherent component of the field as a local oscillator, giving a well defined phase reference. We thus have to consider the relative phase shift between the sideband components and the local oscillator. This is formalized by linearizing the output signal as (␣ out ϩ␦A out ). The output mean field is given by ␣ out ϭF()␣ in . It is useful to put into evidence its phase shift as ␣ out ϭ͉␣ out ͉F()/͉F()͉ where ͉␣ out ͉ϭ͉F()͉͉␣ in ͉ is the attenuated mean field modulus. The detected photocurrent is proportional to
and the relative phase shift, actually giving the rotation of the noise ellipse, is given by the factors multiplying ␦A.
In order to obtain the detected signal from the above transformation matrices, we introduce RЈ and SЈ such that
where the elements of these matrices are given by
͑20͒
From RЈ(⍀) it is possible to define the rotation angle imposed by the cavity on the input-field quadrature components, according to
In Fig. 1͑b͒ we show the angle as a function of the cavity detuning for the ideal case of ϭϪ1 and in the presence of strong losses, i.e., ϭϪ0.6.
We can now define a ''transmission coefficient'' r(⍀) for the quadrature fluctuations and a ''reflection coefficient'' s(⍀) introducing vacuum fluctuations, as
It is possible to show that these two coefficients r and s satisfy the beam-splitter-like relation r(⍀) 2 ϩs(⍀) 2 ϭ1. In Fig. 1͑c͒ we plot the ratio s(⍀)/r(⍀) which quantifies the importance of vacuum fluctuations that enter in the measurement apparatus for three different values of the coupling parameter .
Finally, the output photocurrent can be written in terms of the generalized quadrature ␦p in/vac ϭ(␦ p in/vac cos ϩ␦q in/vac sin ) for the signal and for the vacuum
The prefactor ͉F()͉ 2 works as a variable ͑detuning-dependent͒ gain for the quadrature fluctuations, and it is easily taken into account in the data analysis. In particular, we have ͉F()͉ϭ1 for a perfect cavity and, in general, ͉F()͉ 1 just around the resonance. The role of r(⍀) and s(⍀) is less trivial: the input fluctuations are mixed with vacuum fluctuations, with a particular functional dependence on the detuning.
In our experimental apparatus, the coupling parameter is about Ϫ0.95 and the amount of introduced vacuum fluctuations is less than 5% with respect to the signal fluctuations. The state of the light emitted by a squeezed laser diode is far from the minimum uncertainty state since strong excess noise is present in the phase quadrature, and the small amount of vacuum fluctuations introduced by the cavity is below the experimental accuracy.
Cavity losses become important when ͉͉ is reduced, since in this case the action of the cavity is to rotate the quadrature space, but also to deform it by introducing vacuum fluctuations. In particular, the cavity losses affect above all the phase quadrature of the field, i.e., the quadrature analyzed when a complete rotation is imposed by the cavity. Moreover, in the different branches of the () curve the importance of the vacuum fluctuations varies and it is not possible to univocally associate a ''transmission coefficient'' with . This is well described in Fig. 2 , where we plot r(⍀) as a function of the rotation angle . This phenomenon can seriously compromise the possibility of an accurate reconstruction of the input quantum state using a cavity with losses.
It is then necessary to reduce the cavity losses as far as possible in order to perform reliable measurements. With an accurate choice of the cavity, as in our experiment, such effects can be safely neglected in the data analysis.
B. Noise spectra
The experimentally measured power spectrum is obtained by introducing the covariance matrix for the input and output fields
where
͑26͒
The element ͑1,1͒ of the 2ϫ2 covariance matrix V in,out gives the the variance of the fluctuations for the input or output field. The input-output relation for the covariance matrix is
Assuming that the input field has no phase-amplitude correlation, i.e., that V in (⍀) is diagonal, we obtain
where A 2 is the variance of the amplitude-quadrature fluctuations, and P 2 is the variance of the phase-quadrature fluctuations, normalized to shot noise. In Fig. 3 we plot the expected noise power of the detected signal as a function of the cavity detuning for three different values of the coupling It is important to notice that, without losses, Eq. ͑28͒ can be written as
which is the rotation equation for the quadrature components as given by Galatola et al. in ͓16͔. In Fig. 4 we report the parametric plot of the variance V 11 versus the rotation angle (), in the case of ϭϪ1 and when strong losses are present (ϭϪ0.60). In the latter case the quadrature rotation is more complex, since the effect of the losses strongly depends on the cavity detuning.
III. EXPERIMENT
The experimental apparatus is shown in Fig. 5 . The laser source is a semiconductor laser ͑SDL 5422͒ emitting at 830 nm, in extended-cavity configuration. This kind of source provides squeezed radiation thanks to a high-impedance pump ͓19͔ and to the depression of the longitudinal sidemode fluctuations as described in ͓20͔ and ͓21͔. Moreover, the feedback from an external grating ensures single-mode operation and reduces the strong phase noise of the laser ͓22͔. In order to improve the poor spatial quality of the output beam and to ensure an efficient mode matching with the analysis cavity, two anamorphic prisms are placed on the laser beam before a 60 dB optical isolation stage and a telescope with tilted lenses which is used to reduce the astigmatism.
The beam is sent to a Fabry-Pérot analysis cavity after a polarizing beam splitter ͑PBS1͒ and a quarter-wave plate which serve as the optical circulator. The reflected beam from the cavity is directed toward a balanced detection setup. In order to increase the laser frequency stability during the measurements, a small amount of the laser beam is transmitted by PBS1 and sent to a reference cavity ͑RC͒. The transmission signal from the RC is used to lock the laser external cavity by a piezoelectric transducer acting on the grating.
The analysis cavity is a 10 cm confocal Fabry-Pérot cavity with a high-reflectivity back mirror with TϽ0.1% and a measured finesse of about 150. The coupling coefficient of the cavity is measured to be ϷϪ0.95. The scan of the cavity is achieved by moving one mirror with a piezoelectric actuator.
The two detectors for homodyning are based on high quantum efficiency (Ӎ0.80) pin photodiodes ͑EG&G FND100͒ followed by homemade low-noise amplifiers with a detection bandwidth of about 20 MHz and a slow roll-off up to about 100 MHz. The two amplified signals are summed or subtracted by passive power combiners. In this way the sum provides the quadrature noise fluctuations, and the difference signal gives the shot-noise fluctuations when the cavity is out of resonance.
As the analysis cavity is scanned the sum/difference signal is mixed with a rf local oscillator at 58 MHz, and then is recorded by an acquisition board after a low-pass filter with a bandwidth of 2 MHz. The variance of the acquired signal is shown in Fig. 6 for a typical scan of the analysis cavity. Similar traces are obtained form a spectrum analyzer working at the fixed frequency of 58 MHz, with a resolution bandwidth of 2 MHz.
The experimental difference signal corresponds to the shot noise only if the common-mode rejection ratio ͑CMRR͒ of the detection apparatus is sufficiently high. In our case, at 58 MHz the CMRR is nearly 30 dB and the shot-noise cannot be measured in narrow regions around the full rotation ϭ/2. Except for these regions, the variance of the difference signal is flat. A weak dip is expected around the central resonance, following the behavior of ͉F()͉, but it is overwhelmed by the excess fluctuations originated by the poor CMRR. Far from resonance, when the rotation angle ap- proaches ϭ0, the amplitude noise is clearly below the shot noise level. The measured squeezing is about 0.5 dB. Taking into account an overall efficiency of 20% from the laser output to the photocurrent, we infer a squeezing of 3.4 dB at the output.
The resolution of the acquisition board is particularly important to appreciate the amplitude squeezing of the quantum state produced by the laser in a tomographic reconstruction. Indeed, to measure 0.5 dB of squeezing it is necessary to resolve the shot-noise level with about 50 levels. On the other hand, the necessity of covering the strong fluctuations in the phase quadrature implies at least 14 bits of resolution on the whole dynamic range of the signal.
During each scan of the Fabry-Pérot cavity ͑with a duration of 800 ms͒, 4ϫ10 6 samples with a resolution of 21 bits are acquired. To infer the phase associated with each sample, we have performed a best fit of the variance of the signal with the response function of the cavity calculated in Sec. II ͓Eq. ͑28͔͒, where we have neglected the small amount of vacuum fluctuations introduced by the cavity. A typical example is shown in Fig. 7 . The fit is repeated for each scan just to find the center, which can fluctuate due to the jitter in the laser and cavity frequencies. The variance of the phasequadrature fluctuations P 2 and the frequency calibration of the scan are obtained as free parameters only once; then they are kept fixed while fitting all the acquisitions. The amplitude-quadrature variance A 2 and the coupling parameter and finesse of the cavity are measured independently.
Around the resonance, the phase variation is very sharp and the mechanical stability of the laser and the cavity is not sufficient to accurately resolve the variations of the signal. In particular, the narrow dip corresponding to ϭ0 is not visible. For this reason, we have rejected in the further analysis the data included in a small region around resonance, indicated by the shadow in Fig. 7 .
In order to reduce the statistical uncertainty in the quadrature histograms, we have acquired about 300 consecutive scans of the Fabry-Pérot cavity, for a total number of 10 9 samples. The data points from each acquisition are divided into 250 near-constant phase intervals of equal width. The intervals from all the acquisitions are then put together and their data points are grouped in histograms with 16 000 amplitude bins.
IV. TOMOGRAPHIC RECONSTRUCTION
The collected histograms P (x), where is the relative phase as defined in Sec. II and x represents the quadrature amplitude, can be considered as the marginal distributions of the quasiprobability Wigner function ͓5͔, defined as
W͑x cos Ϫy sin ,x sin ϩy cos ͒dy.
͑30͒
To reconstruct the Wigner function we use the inverse radon transform ͑IRT͒:
where rϭx cos ϩy sin and K is the filter function: Near the origin ͑for ͉k c x͉Ͻ0.1) this function is approximated by a fourth-order power expansion ͓5͔. The procedure of the IRT actually consists in a convolution of the collected histograms with the regularized filter function, followed by a back-projection integral over . The cutoff parameter k c has to be adjusted according to the state to be reconstructed. Since the algorithm is strongly influenced by the choice of k c , it is important to use a value that both allows for extracting the crucial information about the Wigner function and limits the artifacts introduced.
We remark that the resolution required to distinguish the nonclassical properties of the Wigner function is of the order of the width of the coherent state. A detailed discussion of the effect of the cutoff parameter k c is reported in ͓23͔, where we show that a suitable a priori choice of the cutoff parameter is k c ϭ/ shot , where shot is the standard deviation of the shot noise. In our case, the measured shot is 52.7 and the cutoff used is k c ϭ/50.
The two sections of the reconstructed Wigner function along the phase ͓W(0,y)͔ and amplitude ͓W(x,0)͔ planes are shown in Fig. 8 and compared with the corresponding coherent state Wigner function obtained from the shot noise.
For the reconstruction of the vacuum-state Wigner function we have collected the difference signal in a 16 000-bin histogram. Since the difference signal is affected by the limited CMMR of the difference circuit, only the far-from-resonance signal is considered. In this way, the shot-noise histogram is built with about 10 6 sample points. Then, the Wigner function reconstruction is performed on 250 copies of the shotnoise histogram.
The main properties of the Wigner function are well reproduced, even if some artificial features, such as slightly negative or oscillating values on the wings, are still present. The nonclassical properties of the laser field state are clearly represented by an amplitude section which is higher and nar- rower than the one corresponding to the coherent state. On the other hand, the strong excess phase noise, which is more than 30 dB above the standard quantum level, gives a very wide and low curve.
Finally, we show in Fig. 9 a three-dimensional ͑3D͒ plot for the Wigner function of the shot noise and of the laser noise, and in Fig. 10 the enlarged part of the contour plot including both Wigner functions. For these figures, the unit on the horizontal axis corresponds to the standard deviation of the shot noise. The Wigner function associated with the coherent state corresponds to a symmetric, two-dimensional Gaussian function, as expected. The contours of the laser field Wigner are very stretched ellipses. In order to display the full 3D plot, we have used a different scale on the two axes.
The contour plot corresponds to a zoom of the central part of the Wigner function. The contours corresponding to the coherent state are circles, while those of the laser field state are nearly reduced to pairs of parallel lines. However, we observe that around the yϭ0 axis the contours corresponding to the laser field are narrower than the circles for every level considered. This is again a demonstration that the nonclassical features of the laser field are well conserved and clearly visible on the reconstructed Wigner function.
V. CONCLUSIONS
We have presented a tomographic reconstruction of the quantum state of the electromagnetic field emitted by an amplitude-squeezed semiconductor laser. The Wigner function obtained clearly shows the nonclassical properties of the field.
The electromagnetic radiation studied here is much different from the weak fields considered in previous work and these measurements imply several peculiarities, both in the experimental apparatus and in the data elaboration, which are analyzed here. In particular, we discuss and test the possibilities of a self-homodyne technique for obtaining the data set to be used in the tomographic reconstruction. This technique is based on a resonator for the phase sweeping and we show that the coupling coefficient of the cavity must be carefully considered and finally limits the performance of the measurement technique. On the other hand, we show that the quantum tomography technique can be efficiently applied also for an accurate analysis of strong fields with huge fluctuations.
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